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XXXVI. Properties of the Conic Sections; 
deduced by a compendious Method. Being 
a Work of the late William Jones, BJq\ 
F. R, S. which he formerly communicated 
to Mr, John Robertfon, Libr. R. S. 
who now addrejfes it to the Reverend Nevil 
Mafktlyne, F. R, S, Aflronotmr Royal 



S I R, 

Read June * 4 , ^r o U well know that the curves 
W3> J£ f orme( j by the fe&ions of a cone, 
and therefore called Conic Sections, have, from 
the earlieft ages of geometry, engaged the attention 
of mathematicians, on account of their extenfive uti- 
lity in the folution of many problems, which were 
incapable of being constructed by any poffible com- 
bination of right lines and circles, the magnitudes 
ufed in plane geometry. The properties of thefe 
curves are become far more interesting within the 
two laft centuries, fince they have been found to be 
fimilar to thofe which are defcribed by the motions 
of the ccelefUal bodies in the Solar fyftem. 

Two 
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Two different methods have been taken by the 
writers who have treated of their properties j the 
one, and the more antient, is to deduce them from 
the properties of the cone itfelf j the other is to con- 
fider the curves, as generated by the conftant motion 
of two or more ftrait lines moving in a given plane, 
by certain laws. 

There are various methods of generating thefe 
curve lines in piano 5 one method will give fome 
properties very eafily -, but others, with much trouble : 
while, by another mode of defcription, fome pro- 
perties may be readily derived, which, by the for- 
mer, were not fo eafily come at : fo that it appears 
there may be a manner of defcribing the curves fimi- 
lar to the Conic Sections, by the motion of lines on 
a plane, which, in general, fhall produce the moft 
effential properties, with the greateft facility. 

That excellent mathematician, the late William 
Jones, Efq; F. R. S. had drawn up fome papers on 
the defcription of thefe curves, or lines of the fecond 
kind, very different from what he gave in his Synopfis 
Palmariorum Mathefeos, published in the year 1706-5, 
or from that of any other writer on this fubje&. A 
copy of thefe papers he was pleafed to let me take 
about the year 1740. He had not finifhed them as 
he intended ; but, in their prefent ftate, they appear 
of too much confequence to be loft ; as, it is much 
to be feared, his own copy, together with many 
other valuable papers, are 5 and therefore, I am 
defirous of preserving them in the Philosophical 

Yy 2 Tranf- 
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Tranfa&ions, in the manner I at firft tranfcribed 
them 5 although, I am aware, they might have been 
put into a form more pleafing to the generality of 
readers: I have indeed annexed larger diagrams 
than what accompanied the author's copy, in order 
to render the lines more diftinft, as all the relations 
are to be reprefented in a fingle figure, of each 
kind. 

Mr. Jones, having laid down a very fimple method 
of describing thefe curves, feems to have been de- 
firous of arriving at their properties in as expeditious 
a way as he could contrive ; and therefore he has 
ufed the algebraic method, in general, of reducing 
his equations ; and-, on fome occafions, has ufed the 
method of fluxions, to deduce fome properties chiefly 
relating to the tangents ; and, by a judicious ufe of 
thefe, he has very much abridged the fteps which 
otherwife he muft have taken, to have deduced thje 
very great variety of relations he has obtained : thefe 
he intended to have arranged in tables, from whence 
an equation expreffing the relation between any three 
or more lines of the Conic Se&ions, might be taken 
out as readily as a logarithm out of their tables ; this 
he has only partly executed j but it may eafily be 
continued by thofe who are defirous to have it done, 
and are fiifficiently acquainted with what follows. 

From the Houfe of the Royal Society, 
April 29, 177^. 



The 
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The description of Lines of the second 

kind. 

T E T the right lines a», a<^, be drawn on a plane, at any 
■*-' inclination the one with the other, See Piate xrr. Fig. j, 
a» 3. 

In ad, a«^, take Atf, am, of any given magnitude, and 
draw mn parallel to ad, 

On the points a, a r let two rulers ap, op, revolve, and cut 
M.v, ao^, intj and <^, Co that A<^be every- where equal to 

Ml*. 

Then fhall the interferon p of the rulers defcribe lines of 
the fecond kind, or curves of the firft kind. 

Where the right-line A 0, is the firft, or traafvejrfe diamc 
ter. 

The point c, bifecting the diameter At*, is the center. 

The right-line pd, drawn parallel to aq„, is the ordinate 
So the diameter a«. 

The part a», or CD, of the diameter, is the abfcifs, when 
reckoned to begin from a to c, or from c to A. 

The right line S b drawn from the center e parallel to the 
ordinate pb, and terminated in the curve, is called the fecond} 
or conjugate diameter. 

Thofe diameters to which theordinates are perpendicular, are 
called the axes. 

And am is the parameter to the diameter m. 



The 
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The properties op Lines of the second kind. 



1. Put Afl=</=2AC = 2*; ib=:fszi,BC — 2ei AUSSZpi rozzy, CDSStfJ AD=» 
Then TdzzL HADa. 

Or yy =— X « X d^uzzipuzpi-ttus: &- X =fc « =F**sr ±ipt=pi- #*» 

For pd = AMX *. D , = 1S£^ (by fim. a •). Th, ro*=^l x ad* 

MX Afl A« 

2. Confequently — jy=d:ttqi:*Af=rf8=Fa8=:±i<i/T*'*'» 

3. Hence ~^ssqF#*=<T*x»=:A». 

t 

4. And //'=«, or ipdzzH; for when _y=<r=:|f, thett*=o. 

5' 

6. The curve line whofe property is yy+i-uu — 2puzzo, 
(where the abfcufa begins at the curve), 
Or yy+~ *■*"— ccz=o, (where it begins at the center), 



. Therefore , PD *- g --£-** - 2 Jl-£^®- e ±-,*J-. 



AC" 



•—J 
// 

is called an Ellipfis. This curve returns into itfelf. For when #=ro, th«Bjjr=^j 
and when y—o, then xzzt. Which can happen but two ways. 

7. The curve line whofe property is yy—^-ux—zpuzzOi 

Or yy — — xx+uzza, is called an Hyperbola. This curve fpreads out infinitely. 

For y increafes as x increafes ; and has four legs tending contrary ways : for xx, or 
yy, may be produced as well from — • x, or — y\ as from -$-x, or -j-y« 

8. If the point a, h fuppofed to be at an infinite diftance from a, fo that a ruler 
j»p moves in a parallel pofition to ad ; then b yyzzipu, or yy— zpuzzo y the property 
of the curve defcribed, and is called a Parabola. This curve fpreads out infinitely ; 
for y increafes as a increafes. 



q. Let 



[ 345 ] 

9. Let A a, t>p, be any two firft diameters* b5, qjf, their fccond diameters. 

Plate xiv. Fig. 4. 

Draw the ordinaces pd, qb, to the diameter Aa, and the ordinate vd, to the dia- 
meter b b. 

Let pt be a tangent, and pm be perpendicular, to the curve, in »j PT cutting A*, 
nb, produced, in t, <; and pm, in m, m. 

Put the fubtangent dt = *, 4t = r, 

LetAT=r, mi = », ce = w, ct = ? =*sfc*c: fribi». 

Put s, s\ =2 fine and cofine of the angle mpd, or angle p*»8. 
r sz tabular radius. 

Then cot = *j=/^axx=i^ = "^=: ± «qp ** r= » xrf^F« = ad* 
/ e < 

For « x /:?« = (L yy = ) «#. Therefore fi =s -52_ s Y S = 1 (by fim. A s). 
V ? \^ <*« x y 

And cJt=:y<r=z-Lxxzz — xx=azce+yy = ndb. For /"-£ =) ^; 






10. Hence ac := rr = xxx±s zzxxt±:rzzxq — DCT. 

11. And bc* = ^ zrjix j + rrr.yxc/rr^cf. 

U. Confeq«ently 5j=— ff = 11 = *!*. 

*</* drffnF^y « BC * 

13. Alfo cI 1 =«; W =(r^\2 =D 7 , x^=)«x / ir^ = : W= liy J , =A D < 7=tCDT. 

14. Therefore AEarrfHJLxADarri^XM'rr) **r=c©\ 



i<. And qe*= ( — xae«=) —xxzz<£-xx. 



In 
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In the geaeral fchemes. Piate xr. and Fig. 5. Piatb xiy. 

16. Let As, si, be the longeft ami fhorteft axes. 
Draw c ? perpendicular to the tangent rr y cutting It in j. 
PutcP=T; cq=ci cg=$. 

Then ce = * = / =— x^-zz) ~~—~ . 

V cq„ yy «c c cij. 

Hence the parallelogram, under the two axes, is equal to the parallelogram under any 

two diameters. 

17. Draw the tangents aw, an* to any vertices a, <?, meeting any diameters vp 9 
qjr, produced in v, V, and v, «, and the tangent pt in n, n* 

V CE p \ CD ' * 

18. Alfo cu = (***££=) £S. And cv= (*****=) tl. 

\ EQ„ J. \ CD X 

19. Hence pv= (er oicp= ) t x^f 1 . And pvzzr x^-t 



Alfo qu= (cDtflCQ^r) QX e -¥l. And ou=cxii£. 

J' j» 

20. When a a and Bi are the longeft and fliorteft axes } and when y zzp> 

Then xx=tt<=F-^yy will hecome ttzppt=z.u=^cc t which call jy. 

And cr>:=#, will become cFrnc/rr/S 
The points f, j^ are called the Focii*. 

»r. Hence AF=a/=dfc<rp/j a/=<7E=/+/. 

42. Alfo 7e'izc/ t '=://=:^tt=^ce=:±:tt=pp^ 
And in the ellipfis, ac* = (bc'+cf 1 = ) bf\ 
in the hyperbola, cf* = (ac* + bc* s= ) ba*. 
Hence, a circle defcribed from b, with the diftance ac in the ellipfis, or from c, 
with the diftance ab in the hyperbola, will cut the axis ha in the focii f, /. 

23. Draw 
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33. Draw FP, /p, from the focii f,/, to any point p of the curve? and dravr 
the conjugate diameters vp, Q^f. 

Put PF = aj p/=w; pc=tj q£=cj £=<{>•, £-—y. Then 

pf* zzzz=zyy+xx~2x/4-ff=z tt-~2fx+&-xx=TT+ff~-2fx. 



For w— { — X// en xx =)l£i2Z£ x« co** 1 . 

24. J>f=v=(ytt + 2fx+&xxzz) *+Z* = /4^.* = !£±£;. 
PF = Z =: {\Jtt-r~2fx + £Lxxzz) t-Lx-t-qx^lzll. 

2S« PF + P/=K+W = 2/ = A 1 7, 

26. p/*+7f* = ww + zz = 2yy + 2xx + 2ffi=. a« + iQQxx = 2TT+ a//". 



27. p/ ~pf =«w — «as"r: 4/* rr» + «'X t» — zzzitxv + z. 



28. FP/r:z»:=zX2f=Fz:=2f*HF zzzztt v>ffxx=zttvixxx—xx 

ff tt.ee — * , — * 

« " ee tt ■ -v. 

=r CQL =CC = TXP, 



«9 



. Let «« = ''-» = »-< = — =**= ^I^^f* 



/ 



= V« :? CC = */ff+cc — ZV, 

30. Hence « = -isf * = — ^* ar ^-i- 

And<w = — • &zztx = £x ■=-*&>$. 
••/ /* 

Vox, LXEI. Z z Ji. Ae 
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3 i. Ac=< = i*+}o=^=V«+// =£=-~S= 

J m \cc cr>yy 

-LJ~^)/7Z^- y t +*/7+tf2 -.yy , v/7~; 



32. cd — va ~-xx — -— j — — 1 _a=rr^ yy— — Xcc+yy 



cc 



— - — ■—Xcc-t.yy—ti -* ««= — — — mflK 

« n ff 



cc 



ec+ff tt tt — 771* 

J J J J // f ' 

*# -' i ~.* tt=P~t%[ , 1 . -/ : v» 

_ « // /* s s 

— -rz Xtt -t- -—war _ -7 X — «r*> 
,// ff f* RR 



34- PD 



* — ■;* f cc CC " 



M 



// 



f C 3p —XX 

tt 



- *>* * £** ^i££« ^ i£„„ =*«S^ x T77^ 



m 



*/ 



** 



ff 



ff ff ff ce 

•=.--xzv — 7 -xx=— xcc »'* = -xa»-« 

** *t tt tt ff 

—Jf nn — J* «» (putting nn — zv — cc) 

_ttmr — i* tt ss sV 
rz— —cc, =F. — X — aw;^:— ««r. 

ff CC RR RR 



^ V " //r 5""* ~75~' 

36. Alfo £-Jty=:zv — cc=:£-xtt+xx=zffq: £L 
zznnzzffzpmm^icc — cc. 



xx 



37. »c % 
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37. pc =.TT=xx+yy = xx±ee ?:~xx = tt-- ff+£-xx =zet + <PVxx 

tt tt 

— cc + ttv>zv — cc+mmTzcc + ttcr>cc 

— tp + Wxx~%cc-\ffrjnxv — Zft+fftAzv. 

38. And T=£^ = —M^L^=(^x — '^=)Mi-~M>, 

T "Jtp+<p$xx V t px ptt CfT* 

39 AlfocoJ + cV=(«+<*=)cT + c~A\ 

40. CT = i = !i=(uxI- = )lL=jL= JL „ 

41. And i = -«*=-tt* = atf=lBi---«f(fo, «-,»). 

42. AT=(±CT^:CA=:)±-q=/ = ixr!:r^* = ±^. qp I = ± -^- a: f, 
at— (cT + ca=) — + f=— x *+*=;£ + <=-=£-+/. 

43. FT= (± CT =F CF= ± £ q=/= .*/'*/») =Jl.-^.=^. 

ft = (ct -f. c/=£ +/=£±&= ) JiL -ii~ f X 

» *» <ov>t m x 

On A a defcribe a circle, draw the tangent tp\ and draw CPV 
Continue dp to p\ and at right angles to Tt\ draw FR X , 

ThenF^zrf— xcp 4 =^x/x- = )z = fp. 
/^=f^Lxc^ = ^xrx^=)«;=:/p, 

V CT X tt ' J 



Z z a 44, ot 
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, , „ ». __ tJJ _ if JJf _ —** ^F x * tun 

44. DT=jr-i=-^-=: — — r-=z - 

/^ ccx x fm 

, pxx ccxx cc^vy cmtn 

at zic—i- — =— — =r — , 1 J > — — 

ty tty y fh 

/ ct _^\ cm c —, — — 

45. ANZ [ X AT — ) Xt — X—-~ X / — 

^ a Vct nx n J 

f ct \ cm — ■ — 

anzz I — x a T zz ) — x / + *• 
V ct nx 



m. 



4 6. VN = (II2i£i = i=i X .I x IL-) £L x7Zr x -fi x 7: 

T \ pc t a? » nx nm J 



■m 
t x n nx nm 

/< 



*/z-v — ccX*/tt — 
VViZZCt — 



Xf- >Jtt — zv 



cc 



ttn 



47. AD=: (± AC ip CD= =fcf q= _4-— )—X±/q=rt 

«D- (AC+cp=f + •—--) yX f-£m. 

J if 

48. Produce pf, />/, fo meet the curve in n, *j 
Draw HA perpendicular to a#. 

Put fUzzs?, fir —v\ FA-**, 
NOW, FD = ( =h CF =p CD = ) =fc /rp * = db/q: i5=f* re 



y / 



/. j. , tm tv — ee 

>=/+7=— 7—. 



Then »A = *'= (cA_ cf=) y— /= (i;X/-^-/=) '-i=^ 

/..__.. /«> tit—a 

f A =f+y = — — • 

49. Frora 
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49, From f, /, <fraw FR, fr, perpendicular to the tangent pt, aud cutting it 
iii R, r. 



-_. y *1 XCf _f8!_ CX CX __ ,, /ss 

CT C VS9 V2/Z — ^K* * 



Z—^SS 



t-tpx 2t — -z; 

a = — r — tor* =: — . Th. aa.* = {_ ■=:) . 

v^rxii 1/ \ <vu w 

_ /ATXRF f«* ■> ttnx ttn K lx.tn.Jx 

50. TR= ( =) — — =— -V— =r-V — 

Van » c _/c # /* '1/ mm 



rr 



st Xr/ tn.ii) 

an m " a 



51* Draw PM perpendicular to the tangent pt, meeting the axes A», 8*, in M, tn, 

D V ** ' // ft tt t 

R f / /j£ ff 



^»J 



~ \ DU ' fc CC tc' } 



S l, CM= (CD + DM=^ li» = )Iiiif* = ^r=^* 



//- ' */ // 



— L'Jtt =p zv=^-xt =?= x—£- X V" =F —*•*• 



aw — «c 
cc " <C 



53. FM= (CfWCM=/»^ = )^X(^»l=^=±/+ =^-*. 



54. F« 



[ 352 ] 

«. AM= (AC CflCM=) tVX-i— — ±-*—tV>£i-x. 

*M = («C + CM=) t + ^^'l^IZ-t + lLx. 

5 6. TM= (TF + FM = ^ + ^-; A^ = ?!: = £5 
m t tm x x 

lm= (Ct + cm =£+£=) f™-*Jl- c S. 



\ fT t let 

= S -yti-<pxxt-1>x =S1 x — x -—-Jce^yy 
* tt s /t 



t 
(VMXpd 



x /PMXprf . * / — / e t . f ' • " 

rmzzv= l = )—'>/zv=:—c=—c——Vttv>l>fxx 

V DM C C f € 

=L\Jt + <px x t - qx =—</t*u>ffx x=—*/cc+yyyy 

58. MOTZ: (POT =F PM=-C =F— C=) t lI*Ll!c-£'JzV. 



= ^V, 



f/ *f 



Cl 



cq. PT=T = f = ) _C = V X29Z— C. 

"" \ dm m t* — •"• r » 



{xv — ee .. _ tn 

X.ZV— — ( 

// — xv fx 






<•* f* 









60. TN 
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60. TN=r ( =2 — x — xfv>mx y — = )~ x fv>m——xtv>x 

\ dt « »» ^ /»» ' mn J xy 

V dt m m tnn ' an J T at? ~ 

61. PN = I — .=— x fwmX — X J = ; — -X/<n«== — XtVtX 

V d T / a» f «» n J ty 

(a dX p t t — — » c ft» . a c c 
___.=_ x/+«x-x — =)-x /+ „=-x,+* 

6 „ PR= / !I x ! m = »* = „vj=V^ S=(^^ 

= AxVE±lf=-><>7 

Fr — \ TM ' C " V K * C * * « *~ 9* 

«». / ptxtc »" f/ k/ «v — gg fy't—. y* % 

»// »c % » _ _w . nm 

64. pjs (t » q= tp= — + — x) — x tt =? cc x mm**—. 

Tiv * mc m ' mc mc c 

, /ptXc/ *c <•/ / . ffc ,.«/ «w 

be. Tt = f » — x ~ x= i -«=) y =i-=^yv -== — ===== 

z=.-c-=.—yJtt—u. Xx 

xy xy tt 

66. N« = { - a _Z_=s_ C s=:-Vzvssa2/V 

\ PT * « J> J ' 



Kf — ff 



From c and p, draw cy and f«, perpendicular to p/ 

Putpt = ij 2 = «-fine of the £. a/p; r =r tabular radius. 

»,. /c/X/o tv—cc_\tv—cc ft XZf 



Andp/=^= i-™— T 
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rt — j, «- / db ggi+t^ g= 4/y _. ±TT=pyy _ at? »«/ h= t»« . 

\ 21) v " v "•/ 

Hence 6— ; x v, v= ttt— -i jb = - — x v 

Therefore p is iefs than, equal to, or greater than ± h =p z, in the Ellipfis, Para- 
bola, at Hyperbola. 

67. Draw mjx, making the 4. vmp.-=. £. pcm, and cutting PC in (*. 

Then P(* = f -—) — = — , -— ry . ... 

V PC T \lJt ±:ce qpzv Vec + QQxx 

zz P = I parameter to PC, 

68, Let F* be an ordinate to the axis Aa. at the focus t. and*c a tangent 
to the curve in 9, meeting a<j, bc, an, an, in g, g, s, j. Then 

*# = V— X AFtf = V — x « =} ~ =£• = * 

/* " * t * 

=r § parameter to a a. 

_ *' — //—*'. — ft "' 

7~ / ~V/7^ *~ V /X/ Zj 



69. cc 



7 0. FG = (CQ«>CF='i.w/='-^=£=£ 

7 V f J f f /• 

71. Draw ph parallel to ah? and oh perpendicular to a a, meeting, *h, pt, 
in H, A ; then 

.« / / 

PHrrJDG'Sr (CG WDCSrh? V>XZZ-j as = ^p x PF. 



7«. TO 
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72. TO _(CTc«CG_-» 7--X/w* = )~X ~ =^X/»*. 

73. •*-(-j r .= 7 x-x/«rx-t-±ix/»,s) 

74. vh = (H*£f = ) He =lfc =« x\/IEI = !? ^ 

V dt ' a /j, *w— ff fy 

« c »c 

gff _ gff 8 <• J 

77. Let ds be any Ordinate to the axe A«, cutting the curve in S, and the focal 
tangent *g in «•; 

Then d<x= ( — — — =— x — x— =) z = fp=f2. 
V fg t f ce ' 

?8. Therefore as= afj «jr «rj c^ =ca; byfim. AS. 



79. DF ! = (D0' S — DX'=B»+I)SXDf — DEzS) Per X o-S. 

79. Let the tangents pn, £ l, to the oppofite vertices p, p, cut the tangents an, 
an, to the oppofite vertices a, a, in n, », 1, /. 
Then p» =pt ; aa = al j pn = ^/; an ah 
For the Trapezia's PC an, pCAi, are fimilar and equal ; 
And fo are the Trapezia's pcan, p c ah 



Vol. LXIIL Aaa 81* pf 
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Si. PFXm/ = ^£ X»*r)p/XMF=/xFP/. 

82. ce<^= (xyzz) c-D7 — dcT> = m&xdm. 

83. AN X «D= — *~ anx AD=ACXPD=Da/ = BAl. 

f 

84. RP7 1 r: tin — tp§. 

85. KTr = ( ZL X tt =£Zf* x./*=) AT*. 

ot /• f tn% f<v ft »c . 

86. RT/=f — X j£_ = <_x— =■) CTPzrrTE. 

\sc a mm 

87. WtHZz(££±xff<nmm=)t£22.-VTf, 

' \mm nn J J mm J 

88. ENXCB=f7»w =^c-) ANXCQ. 

89. CAV= (tx~ZZ~ XV=)CTXPD. 

V x x ' 

90. VKb=(— = )7K\ 

Hence fA is perpendicular to re. 

9I . wuf =(&*£:=)£ x*v=£fx<c=& x z? 

\ t t tt tt tt ^ 

92. Aua =(tt &£&». — ) cc x ££* zv 
\ tt ' tt 

= CB* + ^ X Cq2=CB*+ EM/. 



93- 
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TN* ** AC* VN* CT* AT«~RTr ZZ l ~ZZ % ~ AT** 



94, CT*"7-n ^* m ' As TFR ' Tc «* 

DT t+X <JD *T 

95 . ^=^.=^=Z!:. And « = J_=±E = £I. 

CT * AC C p dt /+# «D «r 

97. ™f —ff - *+~ c *t— " -. fiJZZli —} — "L?=— . 

98. Let pm, the perpendicular to the tangent pt, cut the axis A« in M ; and 
jfp, produced, cut FR in ?. 

Then will pm bife<ft the angle fp/. 
For p f x m/~p/x m f. 

99. And the angle f p t is equal to the angle fe t. 

For Z.TPF + Z.FPM=^.fp/+ jL/VM. 

100. Therefore pt will bife£t the angle fp?. 
For Z.pPT= (/._/>/=) Z.FPT. 

101. Confequently p?=pf. And R^rrRF. 

102. A circumference of a circle defcribed from t, with the radius TN, will cat 
the axis a a in the focii f, f. 

For tmxt* = tfxt/. 



A a a 2 103. A 
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103. A circumference of a circle defcribed from c, with the radius ca, will cut 
the tangent PT in R, r, 

Whence the perpendiculars re, rf y . to that tangent, will cut the axis ad 
in the focii f, /. 

For TR XTr = TAXT<7» 

l<3\. A circumference defcribed from B, with ac, in the Ellipfis,. or from c, 
with ab in the Hyperbola, will cut the axis a<?, in the focii f, f 

For, in the Ellipfis, tt—cc+ff, or ac*= (bc 1 +cf 2 = ) bf*. 

And in the Hyperbola, ffzzitt + cc, or cf* — (ac*+bc x sb:) ab*. 

105. Let cq_ produced, cut pf, p/*, in 2;, x ; draw mz, mx 7 and MZ, MX, 
parallel to them, cutting pf, vf in z, x. 

Then pj(=scr = cas=pz = /. 

to6. Hence /.p-vz — /.fzx; and z.mxz=z £mzxi 
For vtn is perpendicular to zx. 
Conlequently, the angles vzm, Pxm; pzm, pxm are equaL 

107. And the triangles Vxm, vxm, are fimilar and equal : 
And fo are the triangles pzm, pxm. 
Confequently, the trapezias pz«b«, pzmx, are fimilar. 

108. Let cr, cr, cut pf, p/, in K, h 
Then cK—^jL==)%i>f=z?k=kr. 

And cis=fS£?LII=)|PFS=:PK=sKR. 
V f/ 

109. AIfoPX»PS==(™XPz.=^X^Xr = )^:=(^=)/>. 
y \vm t ts ' t \t ' * 



no. The 
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no. The Trapezias fcAr, pdfr, frtc, are fimilar, and confequentljs their 
correfponding parts are proportional. 

{ kg _ cb _ is. _ RF "J 
pd ~ pf *" TT ~"rT|: 
J7 = rt = tc = ~cf) 
For the triangles r f £, rpf, and f£g, fpd, are fimilar. 

in. The Trapezias cjpd, ,*cmp are fimilar, and consequently their correfpond- 
ing parts are proportional. 

That is, C -Z=!L= V -E.=™. 

/c cm pm r* 

SI2. And cr> cr, are parallel to rf, PF, and equal to ca~ 
For RTf= ctp = ttf. 

113. Let 2" = fine of the z.tvf r orfPF; R = tabular radius. 

Then -v= (-7-=) — =~ — . 

Put jrsfine of thez.pcQ^, made by any diameter and its ordinate. 

Then— -=|/r+V |/*«-~ 5 — =x ff + \ |f+ w ___.. 

1,14. Let the parallels pfii, c/3r, .pf* be drawn,, cutting the curve in n, #, w.; and 
ordinately applied to forne diameter (21"), vvhofe parameter is %v t and femi- 
conjugate c& =x> to which ps is ordinately applied at #. 

Then c*= /^HLf = ^+"n =) , =|pn= /^ =) §?_,«__« 

\ 2 2 ' z \cr ' ac t t 

nf. c|S*= (|ACXPn=) it x«+a v ^: (ac'x — = ) — z»=— zz\. 

F P"_ « _ RD _ '« — «■ _ z * 



pn k fa f<: — /« /. — k 

2 a — / 



117. PFn = -^- = i^x*+^ = §^xpn~ 



j 1.8, pn = z + *' - - — - = -— = - x 2 « 
srs—-/ / t 






=PMxc^FRX/r=AirXfl»r«/XAirACXF*=«x?' M 



vm 



utx™=ttxp=ttx£.=ttx*»l=ttx?£=ffxl* 

DC dm C q* ADrf TDC C/W 



ja'- ANXCiU * - AM fl — FM/= FP/- RPr =// X _! 

J PN I /— , 



' "~""""" """'' "' " '" -P 

=TT + CC — // = — XZV+XX — tt= I ZV ± */lz z V l ffyy. 

XX 

co^ =:cc=rxT=MP»2=NP»=:TPf=Fp/=:cp»)rrL/i/ 

= PNX^>L— CD XTMZPD x t m~~ x pm'=- x vm—iL X~fm 

CC tt ff J 

>i \a JJ 

tt - Ct 1 ACB1 — — * , „ 1 

= —~xrmf=—-xuml =—-\ =pm -J-fm/=bc +rp>- 
ff ff ' c i I 

Z=.tt + cc — TT=» — £L X x—H. yy + SL xx = ~ XPT*. 
tt cc tt OT 

cv z =ff~tt — cc—tt — tp——xt — p = —xmm=Pexrt 

p -xx 

** v „.,j-_cc ""7— * mm _.._/. »« 

— X FM /_ x />/* = X VTf— X NTK. 

ec ' cc J cc ^ cc 

The femi-parameter (/>) to the greater axis (a a) is equal to 

y<p— P7- ^Lf — v ' zu _ CFG_ <C</ FFn _FMXC{ 

AC AC ~~ AC "~ AC ~~ |pri — AC 

_- FRX / f ' _ ANXa« _ ACXPM _ ACXPM _ACXi/c_BCXMa 

ac ac tm dc ~ dm ~~ co^ 

bcXcq bc 2 ' _cc _ »yy _ ±tt + ff_cc — jy 

pza ac / *.*• / *# 

cc+tt — tt cc+tf* — tt tt — a: — » 2/- — <v — % 



X/=- -XFR. =. 



X/r 



' xx tx tv 

The femi-parameter (p) to any diameter (pp) is equal to 

-- CQ ~' — CG — MP g = Nrg — ILf— Fp / — L /^ _ fN *l L 
pc t p.c pc pc — pc"~pc" — PC 

CPXTM _PPX/W PTXPN tt PM* ff P*8* 

pc _JJ pc ~~ pv ~ff pc — 77 pc" 
=il ^=SL x 2£ = "±"=™. [Sc e Tab. XIV, XV.] 

// PC // 'PC T L 'J 

XXXVII. //« 




v tne t /nrinnM . ~ 



Cu'/w?'ai t Jm&tiifd tor tru 




/- ( /rJifrtitsd for tru 



I'/llU.' Traits. Til. TJOIl Tal. XV' . ft ■!>&. 
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